
if Po 

REVIEW OF WHEEL-RAIL ROLLING CONTACT THEORIES 

J .J . Kalker 

Department of Mathematics 
Delft University of Technology 

Delft, The Netherlands 

SUMMARY 

I n t h e p r e s e n t paper, t h e r o l l i n g c o n t a c t t h e o r i e s t h a t emerged p r i n c i p a l l y i n 
th e l a s t two decades are d e s c r i b e d w i t h s p e c i a l emphasis on t h e i r performance and 
on t h e ideas u n d e r l y i n g them. 
A l t h o u g h a number o f these t h e o r i e s are o b s o l e t e , t h e y a l l serve as a mine o f 
ideas f o r those who seek t o improve t h e present-day t h e o r y o f r o l l i n g c o n t a c t . 

NOMENCLATURE 

Symbol Where d e f i n e d Symbol Where d e f i n e d 

( 3 ) , f i g . 5 s ( 2 ) 
(26 ) t ( 1 ) 
(10 ) u ( 8 ) 
(18 ) V ( 1 ) 
f i g . 1, sec. 2 V f i g . 1, sec. 2 
(25 ) w (It) 
( 6 ) , ( 1 3 ) , ( 17 ) (X,Y) ( 5 ) , ( 6 ) 
( 5 ) x, y, z ( 1 ) 
( 8 ) x', y' , z' f i g . 1 , sec. 2 
(23) x y above (16) 
( 1 5 ) z (3) 
( 2 8 ) €, n, T, x ( 1 2 ) , ( 2 1 ) , ( 22 ) 

( T ) , (3«0 a ( 8 ) 
( 3 ) T above (33) 
( 5 ) (2 ) 
(30) (11) 
(27 ) 

a, b, a', 

B, C, D 
"1J 1,0=1,2,3 

pq, 
F ( F x , F y ) 
f 
G 
g 
g_(y) 

K 

N 
P_(X,Y) 
r 
r 
1. INTRODUCTION 

C e n t r a l l y i n t h e st u d y and r e a l i z a t i o n o f r a i l v e h i c l e s i m u l a t i o n stands t h e 
problem o f t h e f r i c t i o n a l c o n t a c t between wheel and r a i l , which may be s t a t e d as 
f o l l o w s : What i s t h e c o n n e c t i o n between t h e mot i o n o f t h e wheel over t h e r a i l , 
and t h e t a n g e n t i a l f o r c e t h e r a i l e x e r t s on t h e wheel? 
Many t h e o r i e s have been proposed t o d e a l w i t h t h i s problem. 
I t i s t h e purpose o f t h i s paper t o r e v i e w them w i t h emphasis on t h e ideas under-
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l y i n g them, and on-the speed o f t h e i r r e a l i z a t i o n , which i s v e r y i m p o r t a n t as t h e 
s o l u t i o n o f t h e s t a t e d problem i s r e q u i r e d v e r y many tim e s d u r i n g a s i m u l a t i o n . 
The paper i s o r g a n i z e d as f o l l o w s : 
I n s e c t i o n 2 t h e problem i s s t a t e d , and some concepts are i n t r o d u c e d which are 
necessary t o understand t h e t h e o r i e s . _ 
I n s e c t i o n 3 we t r e a t t h e o r i e s whose domain o f a p p l i c a t i o n i s r e s t r i c t e d , e.g. t o 
s m a l l creepage and s p i n . These t h e o r i e s g i v e t h e f o r c e - c r e e p r e l a t i o n e x p l i c i t l y , 
so t h a t t h e i r a p p l i c a t i o n i s v i r t u a l l y i n s t a n t a n e o u s . 
I n s e c t i o n 1+ we t r e a t n u m e r i c a l t h e o r i e s whose domain o f a p p l i c a t i o n i s unres-_ 
t r i c t e d and which are what i s termed " e x a c t " (see sec. 2 ) , and which are slow m 
I n f e c t i o n 5 we r e v i e w r e a l i z a t i o n s o f th e s o - c a l l e d s i m p l i f i e d t h e o r y (see sec. 
2 ) , and f i n a l l y , . „ 
i n s e c t i o n 6 t h e o r i e s which f i t t h e curves produced by experiments or o t h e r 
t h e o r i e s . . . 
We conclude w i t h a t a b u l a t e d b i r d ' s eye view o f a l l t h e o r i e s . 
The paper i s i n t e n d e d t o give.an overview o f a l l s i g n i f i c a n t t h e o r i e s o f t h e 
p a s t . A coherent account o f t h e f i n a l p r o d u c t o f thes e t h e o r i e s , v i z . p r e s e n t day 
r o l l i n g c o n t a c t t h e o r y , i s p r o v i d e d by [ 7 ] w h i c h i s recommended as a c o l l a t e r a l 
r e a d i n g . I n e f f e c t , sec. 2 and t h e b e g i n n i n g o f sec. 3 are t a k e n d i r e c t l y f r o m 
C7D-

2. STATEMENT OF THE PROBLEM 

Consider a r a i l , see f i g . 1 . 

F i g . 1 . A wheel r o l l i n g over a r a i l . 

A C a r t e s i a n c o o r d i n a t e system i s a t t a c h e d t o i t o f w h i c h t h e x ' - a x i s p o i n t s 
a l o n g t h e r a i l , t h e z'-axis p o i n t s v e r t i c a l l y downwards, and t h e y a x i s p o i n t s t o 
th e r i g h t when one l o o k s a l o n g t h e d i r e c t i o n o f t h e x ' - a x i s . A wheel r o l l s over 
t h e r a i l i n t h e d i r e c t i o n o f p o s i t i v e x' w i t h a v e c t o r i a l r o l l i n g v e l o c i t y v The 
( n o n - v e c t o r i a l ) r o l l i n g v e l o c i t y i s d e f i n e d as V = |v|. A new c o o r d i n a t e system 
i s i n t r o d u c e d which moves w i t h t h e c o n t a c t p o i n t over t h e r a i l . 

x = x i _ v t ; t : t i m e ; V: r o l l i n g v e l o c i t y 
y i n p l a n e o f c o n t a c t , p o i n t i n g t o t h e r i g h t , z p o i n t i n g i n t o t h e 
r a i l , see f i g . 1, 2c. (1) 

I n a d d i t i o n t o a r o l l i n g v e l o c i t y v , th e wheel has a c i r c u m f e r e n t i a l v e l o c i t y c. 
I n t h e p o i n t o f c o n t a c t , these two are almost o p p o s i t e . The sum s - v + c i s 
c a l l e d t h e r i g i d s l i p o f th e wheel over t h e r a i l ; o r d i n a r i l y , |s| << V, say 

I él « 0.001 V. This r i g i d s l i p i s a v e l o c i t y o f t h e wheel as a r i g i d body ; m t h e 
( x . y ) - p l a n e o f c o n t a c t , i t i s composed o f a t r a n s l a t i o n v e l o c i t y m t h e p l a n e o f 
x and y, and a r o t a t i o n about t h e z - a x i s , 
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s = v + c = V ( v x - v y + <t>x) = r i g i d s l i p ; ||J = 0 .001 V 
v x : l o n g i t u d i n a l creepage, v y : l a t e r a l creepage, <f>: s p i n ( 2 ) 

The l o n g i t u d i n a l creepage i s connected w i t h t h e d i f f e r e n c e o f c_ and v , see 
f i g . 2a . The l a t e r a l creepage i s t h e angle between t h e wheel and t h e p l a n e y = 0 3 

see f i g . 2b . The s p i n i s connected w i t h t h e c o n i c i t y o f t h e wheel, see f i g . 2c . 

a) b) c) 

y 

F i g . 2a . L o n g i t u d i n a l creepage. v x = ( | v| - | c j ) / V . 
2b . L a t e r a l creepage. v y = a. 
2 c . Spin. C o n i c i t y : Y-<f> = ( R s i n ï)/|cj ~ ( E sin y)/V. 

Owing t o t h e e l a s t i c i t y o f wheel and r a i l , t h e two bodies t o u c h a l o n g a c o n t a c t 
area, w h i c h , a c c o r d i n g t o Her t z (1881) (see [ 1 ] , p. 192) i s e l l i p t i c i n form. 
Indeed, t h e normal p r e s s u r e Z e x e r t e d on wheel and r a i l i s g i v e n by: 

Z( x , y ) = ^ / 1 - ( x / a ) 2 - ( y / b ) 2 

w i t h : 
IJ: t o t a l normal f o r c e ( i . e . f o r c e i n z - d i r e c t i o n ) , p o s i t i v e ; 
a,b: semi-axes o f t h e c o n t a c t e l l i p s e . ( 3 ) 

','he semi axes o f t h e c o n t a c t e l l i p s e (a i n t h e r o l l i n g d i r e c t i o n , b i n t h e o t h e r , 
s o - c a l l e d l a t e r a l d i r e c t i o n ) can i n most cases*' be determined w i t h t h e a i d o f 
t h e Hertz t h e o r y (see, e.g., [ 1 ] ) , once t h e l o c a l r a d i i o f c u r v a t u r e o f wheel and 
r a i l are known, t o g e t h e r w i t h t h e normal f o r c e N. As t o t h e l a t t e r , and c e t e r i s 
p a r i b u s , a and b are p r o p o r t i o n a l t o H 1 / 3 . 
As a consequence o f t h e compression and t h e f r i c t i o n , a d e f o r m a t i o n occurs i n t h e 
wheel and t h e r a i l . We count i t w i t h r e s p e c t t o a r e f e r e n c e s t a t e w h i c h i s 
a t t a c h e d t o t h e ( x , y , z ) c o o r d i n a t e system w h i c h moves w i t h t h e c o n t a c t . The 
m a t e r i a l o f wheel and r a i l f l o w s t h r o u g h t h i s c o o r d i n a t e system w i t h a v e l o c i t y c 
(wheel) and a v e l o c i t y (-v) ( r a i l ) , which are b o t h i n f i r s t o r der equal t o (-V,0) 
near t h e c o n t a c t . We c a l l u w and u^. t h e s u r f a c e displacement o f wheel a n d ^ r a i l i n 
t h e ( x , y ) d i r e c t i o n ; u = u w - u^ i s t h e i r d i f f e r e n c e . Then th e t r u e s l i p w ^ i . e . 
t h e v e l o c i t y o f a p a r t i c l e o f the wheel w i t h r e s p e c t t o t h e c o n t a c t i n g p a r t i c l e 
o f t h e r a i l i s g i v e n by t h e r i g i d s l i p s_ p l u s t h e m a t e r i a l t i m e d e r i v a t i v e ü o f 
u, where t h e m a t e r i a l f l o w s w i t h a v e l o c i t y (-V , 0 ) : 

w(x,y) = V ( v x - 4>y, v + tfoc) + ü(x,y,t), t r u e s l i p ; 
= V ( v x - $y, v y + (fix) - V ( 3 u / 3 x ) + ( 3 u / 3 t ) . 

u = üw ~ üri ' = m a t e r i a l d e r i v a t i v e w i t h r e s p e c t t o t i m e . 
I n a steady s t a t e , 3 u / 3 t = 0 . W 

The law o f Coulomb-Amontons i s commonly t a k e n as t h e law go v e r n i n g t h e f r i c t i o n a l 
b e h a v i o u r . I f £ = (X,Y) are t h e ( x , y ) components o f t h e t r a c t i o n . a t t h e c o n t a c t 
e x e r t e d on t h e wheel, and i f f i s t h e c o e f f i c i e n t o f f r i c t i o n , t h e n : 

1 . I p l = |(X,Y)| < f Z . 
2 . w + 0 -> p_ = - fZw/|w| ("--> |pj = f Z ) ( 5 ) 

* ) 
'Sometimes i t i s not p o s s i b l e t o ap p l y H e r t z ' s t h e o r y . 
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The c o n t a c t problem may t h e r e f o r e he f o r m u l a t e d as f o l l o w s : 
Determine p_ = (X,Y), and i n p a r t i c u l a r : 
( F x > F y ) = /J + (x,Y)a*ay 

J c o n t a c t 
so t h a t ( 5 ) is s a t i s f i e d w i t h : 

w = v ( v x - <t>y, v y + +x) - v — i + 3 t ; 
where v x , v y , V, H, a, b are g i v e n , and u and p. are connected 
by c e r t a i n c o n s t i t u t i v e r e l a t i o n s . 

The c o n n e c t i o n between ( v x , v y , *) and ( F X J - F y ) i s c a l l e d t h e c r e e p - f o r c e law. 
When t h e c o n s t i t u t i v e r e l a t i o n s i n (6) are chosen as: 

( 7 ) 
u = u w - u,. = ( L X X , LyY); I * , I y : parameters 

we o b t a i n t h e s i m p l i f i e d t h e o r y , d e s c r i b e d i n L 2 ] ; _ i f t h e i n s t i t u t i v e r e l a t i o n s 
are d e r i v e d f r o m t h e t h e o r y o f e l a s t i c i t y , which g i v e s m t h e s i m p l e s t case I see 
Love [ 1 ] , p. 2U3, and K a l k e r [ I t ] , p. 21-22): 

u ( x , y ) 1 ft (,1=9 + £i*=x*li ° l>a^ lk=2Lt l )x(x*,y*) * 
»G c o n t a c t area B R3 ' R^ 
f g ( x - x * ) ( y - y * ) 1=1 £ k = 2 D i ) y ( x * j y * ) } a x * d y * 

+ 1 

w i t h g 
r = / ( x - x * ) 2 + ( y - y * ) 2 ; G: modulus o f r i g i d i t y , G = ; 

a: Poisson's r a t i o ; E: Young's modulus. 
(8) 

we sneak o f an exa c t t h e o r y . . „„„,,».+ t-f ennh 
I t h e o r v i s c a l l e d dynamic i f i n e r t i a l e f f e c t s are t a k e n i n t o account. I f such 
E f f e c t s are n e g l e c t e d ! we have a q u a s t i s t a t i c t h e o r y . As i n e r t i a l e f f e c t s become 
o n l y n o t i c e a b l e i n c o n t a c t t h e o r y f o r t r a i n speeds o f over 5 0 0 km/h [ 3 3 , t h e r e i s 
a t p r e s e n t no need f o r a dynamic c o n t a c t t h e o r y i n r a i l v e h i c l e dynamics and 
indeed t h e r e e x i s t s none. A l l t h e o r i e s mentioned i n t h i s paper, i n c l u d i n g 

Sï^xacf t h e s e s ^ ^ S r ^ ^ ^ ' ^ i o n , w h i c h means t h a t as 
f a r as e l a s t i c e f f e c t s near ?he c o n t a c t are concerned, t h e wheel and t h e r a i l are 
regarded as t h e e l a s t i c h a l f - s p a c e s z 2 0 ( r a i l ) and z < 0 (wheel . 
T^e background i s t h a t s p e c i f i c c o n t a c t e f f e c t s due t o t h e ̂ e n s x v e n e s s o f t h e 
c o n t a c t have d i e d o u t a t a p p r o x i m a t e l y 3 c o n t a c t w i d t h s away fr o m t h e c o n t a c t . 
Beyond t h a t d i s t a n c e , t h e S t a l f o r c e ( F x , F N) may ^ regarded as a p o i n t 
l o a d . W i t h a c o n t a c t area o f 3 c m 2 , t h e r e a l dimensions o f wheel and r a i l i m p l y 
t h a t t h e c o n d i t i o n i s a p p r o x i m a t e l y s a t i s f i e d . 
A t h e o r y is c a l l e d t h r e e - d i m e n s i o n a l i f t h e u, £ dependence on all t h r e e coor 
d i n a t e s ( x y, z) is t a k e n i n t o account. I t is c a l l e d t w o - d i m e n s i o n a l i f u and £ 
S e S e n independent o f t h e l a t e r a l c o o r d i n a t e y Note * a t owing to t h e 
presence o f t h e t e r m *y in t h e e x p r e s s i o n (6) f o r t h e t r u e s l i p w_, t h e r e i s no 
p l a c e f o r t h e s p i n * in t w o - d i m e n s i o n a l t h e o r y , so t h a t such a t h e o r y has o n l y 

S"in gftSJi^'o. « S p e ^ o f steady s t a t e r o l l i n g c o n t a c t . When 3u/3t * 0, 
Ï"L£ t r a n s i e n t r o l l i n g c o n t a c t . As f a r as t r a i n dynamics i s - - e r n e d t r a n ­
s i e n t c o n t a c t problems are o f minor s i g n i f i c a n c e . ^This f ^iJ^^fZA 
experience w i t h t w o - d i m e n s i o n a l [ 5 ] , t h r e e - d i m e n s i o n a l ( [ 6 3 , s e c t i o n 5 j , ana 
: S l i " e a ([23, s e c t i o n U) t r a n s i e n t t h e o r i e s , t h a t when t h e r x g i d sj££.J~ 
( 2 ) , is c o n s t a n t in t i m e , t r a n s i e n t e f f e c t s have d i e d o u t a f t e r a d i s t a n c e 
a t r o r o x i m a t e l y 2 c o n t a c t w i d t h s has been t r a v e r s e d . n , , Ssienf t h e o r i e s are i m p o r t a n t however; t h e b e s t t h r e e - d i m e n s i o n a l steady s t a t e 
t h e o r y [6 , 7, 8 ] is based on i t . 

3. THEORIES WITH RESTRICTED DOMAIN OF APPLICATION 

The f i r s t t h e o r y o f r o l l i n g c o n t a c t w i t h f r i c t i o n was developed by C a r t e r [93 i n 
1926, in c o n n e c t i o n w i t h v e h i c l e dynamics: t h e paper i s c a l l e d On t h e A c t i o n 01 
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a Locomotive D r i v i n g Wheel". I t i s a t w o - d i m e n s i o n a l t h e o r y ; t h e wheel i s 
g l o b a l l y r e garded as a c y l i n d e r , and t h e r a i l as a v e r y t h i c k p l a t e . The h a l f -
space assumption i s employed, and o n l y l o n g i t u d i n a l creepage v x i s t a k e n i n t o 
account. C a r t e r achieves an exact s o l u t i o n o f t h i s problem; a t y p i c a l l o c a l 
l o a d i n g i s shown i n f i g . 3a , and t h e c r e e p - f o r c e law i s shown i n f i g . 3b . 

F i g . 3a . L o c a l t r a c t i o n d i s t r i b u t i o n a c c o r d i n g t o C a r t e r . S: area o f s l i p , where 
¥ ^ 0 ; A: area o f adhesion, where w = f j . 

3b . F x dependence on v x ( C a r t e r ) , g = k f a / p : a t t h i s p o i n t , complete s l i d i n g 
s e t s i n . a = 1 cm, f - 0 . 3 , P = 2 x diameter wheel = 200 cm 
=> g = 0 . 0 0 6 . 

Frommm, i n 1927 [ 1 0 ] came up w i t h t h e same s o l u t i o n . L a t e r a l creepage v y was 
t a k e n i n t o account by K a l k e r i n 1967 [ 1 1 ] , who gave a simple approximate s o l u t i o n 
v e r y s i m i l a r t o C a r t e r ' s , and, i n 1967, by H e i n r i c h and Desoyer [ 1 2 ] , who gave an 
e x a c t , b u t v e r y c o m p l i c a t e d s o l u t i o n . 
We w i l l demonstrate t h e method o f s o l u t i o n w i t h t h e a i d o f s i m p l i f i e d t h e o r y . 
To t h a t end we w i l l need t h e normal p r e s s u r e between two smooth W i n k l e r found­
a t i o n s , see f i g . 1*. 

F i g . h. Two W i n k l e r f o u n d a t i o n s . 

The f o u n d a t i o n s , numbered 1 and 2 , have s u r f a c e s z = -A-jx , z = Apx r e s p e c t ­
i v e l y . We s t a r t f r o m an u n s t r e s s e d s t a t e i n which t h e undeformed f o u n d a t i o n s 
i n t e r s e c t t o a depth ho. At t h e p o i n t x, t h e dep t h o f p e n e t r a t i o n i s h ( x ) = h n.+ 
- (Ai + A o ) x 2 . I n t h e deformed s t a t e , a v e r t i c a l displacement w o c c u r s , d i v i d e d 

f(x) over t h e two f o u n d a t i o n s , such t h a t t h e deformed d i s t a n c e D = h ( x ) 
I n a W i n k l e r f o u n d a t i o n , t h e pre s s u r e Z i s p r o p o r t i o n a l t o w, hence, 
Z = B{hrj - (A-) + A g ) x 2 } = C ( a 2 - x 2 ) i n s i d e c o n t a c t , where B and C are some 
p o s i t i v e c o n s t a n t s , and a i s t h e h a l f - w i d t h o f c o n t a c t . 
We r e t u r n t o C a r t e r ' s t h e o r y . I n s i m p l i f i e d t h e o r y , t h e s l i p i s g i v e n by 

3u T r l r 3X V — = Vv„ - VL — 3x 3x x 

I t i s non-zero o n l y i f |x| = fZ = f C ( a 2 - x 2 ) , by Coulomb's law. Let v x be l a r g e 
and p o s i t i v e . Under these c i r c u m s t a n c e s , w w i l l be l a r g e and p o s i t i v e , and hence 
X w i l l be a t t h e n e g a t i v e bound: 
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JkTs-soSL- jfÜÜ Ï3ti ^ l ^ e r e p o s i t i v e i n t h e c o n t a c t , i . e . 

K t ^ t n e - , ^ ? i K ^ S^y^JS^Tcï rpSoÏfc Lotions, see f i , 5 , v i , 
X = - f C ( a * - x 2 ) + fC(a§ - xg) < 0 , x Q V a 0 - a • x ; | x 0 | <- a 0 zone A 

f C ( a 2 - x 2 ) — f Z ; | « o h « o . W s a z o n e B
 ( 9 ) 

0 • I x l a a zone C 

leading 
edge 

F i g . 5. C a r t e r ' s s o l u t i o n ( s i m p l i f i e d v s . ) . 
• - wu + ?VTfC(a 2 - a) = 0, when a - a 0 = v x / { 2 f C L l > Indeed, i n zone A, w = V v x + 2 V L t 0 i a a; 

th e 

i n d e e d , i n zone A w = VV + W W - - U e a i o n , s t i c k zone), 
t h a t i s , xn zone A t h e s l i p vanisnes v t f a e s l 

I n zone B, w = W x - 2VLfCx > 0, when x < v x / 2 f C L - a an, 

" , | Y| < f 7 w h i i e i n zone B, t h e s l i p zone, |X| - f ^ -
s t i c k zone, X < r£, wnxxe x i i i , , d b v h a l f - s p a c e s , and h a l f -

C h e r ' s charming t r i c k h a s j f g ^ £ £ £ t h e method 

w i t h o u t s p i n ) [ 1 3 ] , and t o g e t h e r w i t h V e r m e ^ e ^ e ^ t r ^ n
a ^ o p O B e d areas o f 

i n 196U [1U]. The c o n t a c t area o f Johnson and Vermeulen, w i t n p V 

s l i p and adhesion, i s shown i n f i g . 6. 

The c o n t a c t area a c c o r d i n g t o Johnson 8= Vermeulen, a/b /V 

t „ c t i o „ i . f ound » « S ' / ^ S . c U o f ï. S oïp.tible i n t h e .haded p . « 

lSLr.Sr« SS = SETS £ - «. — 
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e l l i p s e , and secondly, t h e i n c o m p a t i b i l i t y o f d i r e c t i o n s d e f i n i t e l y i n d i c a t e s 
t h a t t h e s o l u t i o n i s wrong. However, Johnson performed a number o f experiments o f 
remarkably good q u a l i t y f r o m w h i c h i t appears t h a t e r r o r i n t h e r e s u l t i n g f o r c e 
i s not more t h a n 25$. T h i s t o t a l f o r c e has t h e f o l l o w i n g form: 
L e t a be t h e semi-axis o f t h e c o n t a c t area i n r o l l i n g d i r e c t i o n , and b t h e semi-
a x i s o f t h e c o n t a c t e l l i p s e i n t h e l a t e r a l d i r e c t i o n w h i c h l i e s i n t h e plane o f 
c o n t a c t , and which i s o r t h o g o n a l t o t h e r o l l i n g d i r e c t i o n . L e t f u r t h e r : 

D = 

T T / 2 

0 
TT / 2 

0 
T T / 2 

0 

3 26 / 1 - k 2 s i n 2 e 

k 2 s i n 2 

d6 

d6 

k 2 s i n 2 6 d6 

complete e l l i p t i c i n t e g r a l s 
I k l < 1 

and 

a 2 / V 
$ = B - a(D - C) , a: Poisson's r a t i o 
where a s b, K = / l 

$ = {D - a(D -
where a ês b, k 

*Ci = B - a ( a 2 / b 2 ) C , 

C ) } ( b / a ) ; = (D - a C ) ( b / a ) , 
= / 1 - b 2/a2 

g = TrabGv x/(fN$), n = irabGv /(fNiJi-i ) 
T = / £ 2 + n 2 ; N : t o t a l normal f o r c e ; G: modulus o f r i g i d i t y 

Then, i f F ( F x , F y ) i s t h e t o t a l r e s u l t i n g t a n g e n t i a l f o r c e : 

F/m = {(1 - 1 x ) 3 - 1}(?,TT)/T i f |x| < 1 

= - (5,n)/x i f |x[ > 1 

(10) 

(11a) 

(115) 

(12) 

(13) 

Owing t o t h e f a c t t h a t $ ? 4>i u n l e s s c = 0 , t h e t o t a l f o r c e i s never e x a c t l y i n 
t h e d i r e c t i o n o f t h e creepage, however l a r g e t h a t may be. 
The t h e o r y o f C a r t e r as a p p l i e d by Johnson and Vermeulen, c o n f i n e d as i t i s t o 
t h e n o - s p i n case, i s o f v e r y l i m i t e d use i n v e h i c l e dynamics. 
We r e t u r n t o t h e s e formulae p r e s e n t l y . 
People c o n t i n u e d t o w o r r y about t h e t r u e shape o f t h e area o f adhesion, and i n 
196U Haines and O l l e r t o n [153, and i n d e p e n d e n t l y H a i l i n g [ 3 1 ] , p u b l i s h e d 
s t u d i e s i n which t h e y c o n s i d e r e d a c o n t a c t e l l i p s e , w h i c h was r e l a t i v e l y l o n g i n 
t h e l a t e r a l d i r e c t i o n , so t h a t t h e y surmized a much slower change o f t h e e l a s t i c 
f i e l d i n l a t e r a l d i r e c t i o n t h a n i n r o l l i n g d i r e c t i o n , and on t h a t b a s i s t h e y 
assumed t h a t i n each s l i c e w i t h c o n s t a n t y t h e t w o - d i m e n s i o n a l C a r t e r s o l u t i o n 
was v a l i d , u n d i s t u r b e d by t h e b e h a v i o u r a t o t h e r v a l u e s o f y, see f i g . 7. 

F i g . 7. The s t r i p t h e o r y o f H a i l i n g and Haines & O l l e r t o n . 
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Such a t h e o r y i s c a l l e d a s t r i p t h e o r y ; i t i s m a t h e m a t i c a l l y j u s t i f i e d m [ 3 0 ] . 
Hote t h a t t h e s i m p l i f i e d t h e o r y i s a s t r i p t h e o r y i n t h i s sense, t o o . 
The t h e o r y o f Haines and O l l e r t o n i s c o n f i n e d t o l o n g i t u d i n a l creepage v x ; i n 
1967 K a l k e r extended t h e t h e o r y t o l a t e r a l creepage V and ( s m a l l ) s p i n £ LT1J. 
The adhesion and s l i p zones f o u n d w i t h s t r i p t h e o r y and l a t e r c o n f i r m e d by o t h e r 
t h e o r i e s and by experiments, see [ 7 ] , are shown m f i g . Ö. 

rolling 

a ) . 

S l ip Adh, 

d ) . 
f ) 

C D 

F i g . 8. Areas o f s l i p and adhesion, as f i r s t d i s c o v e r e d by s t r i p t h e o r y ( ( f ) 
e x c e p t e d ) . 

S t r i p t h e o r y i s c o n f i n e d t o c o n t a c t e l l i p s e s l o n g i n t h e l a t e r a l d i r e c t i o n and 
t h e s p i n may n o t exceed a f a i r l y s m a l l number, so t h a t i t i s v i r t u a l l y u s e l e s s 
f o r v e h i c l e dynamics. I t s s i g n i f i c a n c e l i e s i n t h a t i t _ r e v e a l e d , m t h e mid-
s i x t i e s , t h e t r u e shape o f t h e areas o f s l i p and adhesion. _ _ _ 
Progress was made by K a l k e r i n t h e e a r l y and m i d d l e s i x t i e s . H i s f i n d i n g s are 
l a i d down i n h i s t h e s i s M o f 1967, i n w h i c h , among o t h e r t h i n g s he p u b l i s h e d 
t h e almost complete v e r s i o n o f t h e s o - c a l l e d l i n e a r t h e o r y o f r o l l i n g c o n t a c t . I t 
i s based upon an i d e a advocated by de P a t e r f r o m 1956 onwards, t h a t f o r v e r y 
s m a l l creepage and s p i n t h e s l i p zone becomes v e r y s m a l l indeed so t h a t t h e 
adhesion zone may be assumed t o cover t h e e n t i r e c o n t a c t area. The boundary con­
d i t i o n s o f steady s t a t e r o l l i n g s i m p l i f y t o : 

3u 0 = w = V ( v x - *y, v y + *x) - V ^ i n s i d e c o n t a c t area 

q _ _ o u t s i d e c o n t a c t area 

I n h i s s o l u t i o n , K a l k e r i n t e g r a t e d (1Ua) • w . r . t . x: 

Vu + V ( v x x <t>xy, v y x + . 
w i t h g_(y) an a r b i t r a r y f u n c t i o n 

2 ) = & ( y ) 
( i n t e g r a t i o n c o n s t a n t ) 

( l U a ) 

( H t b ) 

( 1 5 ) 

The a r b i t r a r y f u n c t i o n £ ( y ) i s determined by demanding t h a t t h e t r a c t i o n s h o u l d 
be c o n t i n u o u s a t t h e l e a d i n g edge o f t h e c o n t a c t area, where t h e p a r t i c l e s f l o w 
i n t o t h e c o n t a c t , and which i s t h e edge w i t h p o s i t i v e x. I t t h e n appears t h a t a t 
t h e t r a i l i n g edge t h e c o n d i t i o n |p_| < f Z i n v i o l a t e d . That n e v e r t h e l e s s t h i s 
s o l u t i o n s h o u l d be accepted, i s a consequence o f t h e f o l l o w i n g argument [ 7 J . 
"A p a r t i c l e c a r r y i n g no l o a d e n t e r s t h e c o n t a c t area a t t h e l e a d i n g edge. 
T r a c t i o n b u i l d s up u n t i l t h e t r a i l i n g edge i s reached. Then t h e l o a d i s suddenly 
removed as t h e t r a c t i o n bound f a l l s t o zero v e r y q u i c k l y , and, i n t h e l i m i t i n g 
case t h a t t h e c o e f f i c i e n t o f f r i c t i o n becomes i n f i n i t e , d i s c o n t i n u o u s ^ . _ 
We demonstrate t h e d e t e r m i n a t i o n o f fi(y). see ( 1 5 ) , w i t h t h e a i d o f t h e s i m p l i ­
f i e d t h e o r y . To t h a t end, we r e p l a c e u by Lp_, and £-V(v xXy - <j)yxy, v y x y + ïJXyl--
where Xy i s t h e c o o r d i n a t e o f t h e l e a d i n g edge a t l a t e r a l c o o r d i n a t e y, so t h a t 
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P_(X) = i ( ( V x - * y ) ( X - X y ) , [Vy + + X y ) ] ( x - X y ) } (16) 

See f i g . 9 , where t h e case Vy = o i s shown. 

F i g . 9- L i n e a r ( s i m p l i f i e d ) t h e o r y . 
traction bound 

Note t h a t f o r a l l ( v x , v <f>),p_(xy) = 0 . I n t h e exact l i n e a r t h e o r y , t h e p i c t u r e 
i s s i m i l a r , except t h a t t h e f i n i t e jump o f X a t t h e t r a i l i n g edge i s i n f i n i t e , and 
t h a t t h e f i n i t e slope o f Y "becomes l i k e w i s e i n f i n i t e . When Vy ^ 0 , Y a l s o has a 
d i s c o n t i n u i t y a t t h e t r a i l i n g edge. The r e s u l t i n g f o r c e F_(F x,Fy) has t h e f o l l o w ­
i n g form: 

abGC 11 x 
ƒƒ Xdxdy 

c o n t a c t 

F y = - abG(C 2 2 y + ab C23<i>) 
F = ƒ ƒ Ydxdy 

J c o n t a c t 
(17 ) 

where C-| -j , C 2 2J c 2 3 are t h e s o - c a l l e d creepage and s p i n c o e f f i c i e n t s . 
They depend on t h e r a t i o o f t h e axes o f t h e c o n t a c t e l l i p s e (a/b) and on 
Poisson's r a t i o n ff. They are t a b u l a t e d e x t e n s i v e l y i n Lkl p. 91 and i n [7] 
p. 326 . 
I t i s o f i n t e r e s t t o compare t h e C-|1, C22 o f Ikl and [ 7 ] w i t h t h o s e computed from 
t h e t h e o r y o f Johnson and Vermeulen, see eqns (10) - ( 1 3 ) . 
As t h e l i n e a r t h e o r y i s t h e a s y m p t o t i c t h e o r y o f s m a l l creepage and s p i n (de 
Pate r L3hl) , 

{C 11 

"23 

-JY 

3 F 
1 ( a b G ) 5 C 2 2 

3 F 
( j f ) I (abG), 

i ^ f ) I (v^ab 3 G ) } 

3 9 Vx=Vy=((l = 0 
(18 ) 

and i f C j j denotes C j j a c c o r d i n g t o Johnson & Vermeulen, t h e n : 

c j j ( a / b , a ) = i r / $ , C ^(a/b,a) = T T / I / J 1 ; Cp^ i s absent 

I n t a b l e 1 , we compare t h r e e q u a n t i t i e s , v i z . C^, C^a"'"^er, and: 

Cf?an ( a / b ) 0 ) = c J Y ( a / b ) O - ) c K a l k e r ( 1 ) 0 ) / C ^ ( 1 , 0 ) 

I t i s seen t h a t i n t h e range 0 . 2 < a/b < 5 c m e a n , wh i c h i s p r o p o r t i o n a l t o . 
has an e r r o r o f no more t h a t 1 % w . r . t . K a l k e r ' s exact c o e f f i c i e n t CK. The e r r o r 
i n c r e a s e s w i t h t h e range. 
So i t i s t o be expected t h a t t h e Johnson & Vermeulen f o r m u l a (13) f a i r l y a c c u r a t e 
r e p r e s e n t s t h e creepage-force curve f o r v a n i s h i n g s p i n t)\ 

J9) 

20 
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F/fN = { ( 1 - 1 T ) 3 - i } ( c , n ) / t | T | < 3 
= - (£,n)/t | t | a 3 (13) 

when, a t any r a t e , we use t h e f o l l o w i n g d e f i n i t i o n o f E, n, T i n s t e a d o f ( 1 2 ) : 

Ci 1 (1 ,0)(f>( 1 , 0)abGv x 

E = — — — , n = 
* f N * 
$(1 ,0 ) = I|)(1 , 0 ) ; T = / 6 2 + 

C g 2 ( l , 0 ) t i ( 1 , Q ) a b G v y 

fNi(»i 
(21) 

Table 1. Comparison o f t h e creepage c o e f f i c i e n t a c c o r d i n g t o Johnson & Vermeulen, 
K a l k e r , and ( 2 0 ) . 

CJV c ( 2 0 ) C K CJV 
C ( 2 0 ) C K 

C11 
cm 

( 0 . 2 , 1/1+) 
( 1 , 1 A ) 
( 5 , 1 A ) 

It.26 
U.92 
8.65 

3 .62 
It.18 
7-35 

3 .37 
It.12 
7.78 

c 2 2 
C 2 2 

C 2 2 

( 0 . 2 , 1/lt) 
( 1 , 1/lt) 
( 5 , 1 A ) 

3.28 
It.26 
8.89 

2 .79 
3.63 
7 .56 

2 .63 
3 .67 
8. A 

An a l t e r n a t i v e f o r ( 1 3 ) , ( 20 ) based upon s t r i p t h e o r y may be found i n [163. An 
a l t e r n a t i v e f o r ( 1 3 ) , (20) based upon s i m p l i f i e d t h e o r y may be d e r i v e d f r o m [ 2 ] 
p. 5 , 6 . 
(21) can be viewed as a n o r m a l i z a t i o n o f t h e creepage parameters, so t h a t t h e 
creepage c o e f f i c i e n t s become f N , t o which end t h e K a l k e r creepage c o e f f i c i e n t s 
can a l s o be used d i r e c t l y (Hobbs C173) . T h i s i d e a was extended t o t h e s p i n p a r a ­
meter ( K a l k e r [ 7 ] , f i g . 8 b ) . I n t h e case o f v a n i s h i n g s p i n , t h e t h e o r e t i c a l 
creepage-force curves may be c o n s i d e r e d as f u n c t i o n s o f (E,n) a l o n e . I n t h e case 
o f pure s p i n , a v e r y c l e a r view o f t h e s p i n - f o r c e law i s o b t a i n e d . The n o r m a l i z ­
a t i o n i n q u e s t i o n reads: 

, 3 
abGC-|iVx _ abGC 2 2v y _ * ab G C ^ 

n = f N , x -fN fN (22) 

I n f i g . 10 i s shown t h e correspondence o f t h e e m p i r i c a l f o r m u l a ( 1 3 ) , ( 2 2 ) , w i t h 
t h e exact n u m e r i c a l t h e o r y , see sec. h. 

IEI 
U 

0 1 2 3 
F i g . 10. Comparison o f t h e adapted Johnson & Vermeulen t h e o r y ( 1 3 ) , ( 2 2 ) w i t h t h e 

exact n u m e r i c a l t h e o r y f o r v a r i o u s a x i a l r a t i o s . 

U. EXACT NUMERICAL THEORIES 

I t has n o t p r o v e d p o s s i b l e t o s o l v e t h e r o l l i n g c o n t a c t problem c o m p l e t e l y 
i n any o f t h e ways mentioned i n t h e p r e v i o u s s e c t i o n . The method o f Johnson & 
Vermeulen i s c o n f i n e d t o t h e n o - s p i n case, and anyway t h e area o f adhesion i s 
wrong; s t r i p t h e o r y i s c o n f i n e d t o s l e n d e r c o n t a c t areas and t o s m a l l s p i n ; t h e 
l i n e a r t h e o r y i s c o n f i n e d t o s m a l l creepage and s p i n . There e x i s t t h r e e e x a c t 
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t h e o r i e s w h i c h do not have t h i s drawback, b u t t h e y are n u m e r i c a l i n n a t u r e , and 
slow i n o p e r a t i o n . We w i l l t r e a t them i n t u r n . 

h.t. The t h e o r y o f K a l k e r ' s t h e s i s (1967) [hi 
The law o f Coulomb may be f o r m u l a t e d by 

|w|p_ + gw = 0 sub [p_| < g def fZ ; w: see (k) (23) 

P r o o f : 
a) . Assume |w| = 0 . Then |p_| < g. 
b) Assume |w| ^ 0. Then p_ = - gw/|w| => |pj = g. 
a) and b) t o g e t h e r c o n s t i t u t e Coulomb's law. Note t h a t i n (23) no d i s t i n c t i o n i s 
made between s t i c k and s l i p zones, so t h a t these do n o t f i g u r e i n t h e 
c a l c u l a t i o n . Qjjrj 
We now t r y t o r e p r e s e n t p_ and w by a l i n e a r c o m b i n a t i o n o f b a s i s f u n c t i o n s i n 
such a way, t h a t ( 8 ) i s s a t i s f i e d . I n K a l k e r ' s t h e s i s , t h e f o l l o w i n g b a s i s f u n c ­
t i o n s are t a k e n : 

and 

T p q = ./ 1 - x 2 / a 2 - y 2 / b 2 x P y l , ( x , y ) e K, = 0 o u t s i d e K 
a,b: semi-axes o f c o n t a c t e l l i p s e ; x: r o l l i n g d i r e c t i o n 

( X ( x , y ) , Y ( x , y ) } 
p+q=M 
p=0,q=0 

^pqtdpci >ep<j} 

(210 

(25 ) 

I t i s shown i n M t h a t t h e t a n g e n t i a l displacement i s t h e n g i v e n by a p o l y n o m i a l : 
m+n=M 

u = { u x ( x , y ) , u y ( x , y ) } = J x ^ y H a ^ , b ^ } , ( x , y ) £ K (26) 

where ( a ^ , b ^ } are l i n e a r combinations o f t h e (dpq_, e p ( 1 } , t h e p r e c i s e form o f 
which i s g i v e n i n [ I t ] , 
I f we r e p r e s e n t p_ i n t h e manner o f ( 2 5 ) , we cannot s a t i s f y t h e boundary c o n d i t i o n 
(23) e x a c t l y : 

|w|p_ + gw = v_ sub |p_| s g; r e s i d u a l r g e n e r a l l y ^ 0 

We determine ( d ^ q , e^q} by means o f a l e a s t squares f i t o f t h e r e s i d u a l s r : 

nun: Jrp = 
d P 1 ' e p q 
sub |p_| S g 

-pq. 

c o n t a c t K 
dxdy 

(27 ) 

(28 ) 

(28a) 

I n K a l k e r ' s t h e s i s (28a) i s o m i t t e d because o f t h e d i f f i c u l t y o f i t s a p p l i c a t i o n 
t o l o a d s o f t h e f o r m ( 2 5 ) . I t t u r n e d o u t t h a t r e l i a b l e r e s u l t s c o u l d o n l y be 
o b t a i n e d when b a a. 
I t was c o n j e c t u r e d i n 1977 t h a t t h i s u n r e l i a b i l i t y c o u l d be removed i f (28a) was 
ta k e n i n t o account. To t h a t end, and a l s o t o o b t a i n more f l e x i b i l i t y , t h e c o n t a c t 
area was approximated by a net o f r e c t a n g l e s , see f i g . 11, and t h e t a n g e n t i a l 
t r a c t i o n was t a k e n c o n s t a n t over each mesh. 

F i g . 11. Contact area d i s c r e t i z e d b y r e c t a n g l e s . 

A program c a l l e d XCTROL was generated on t h e s e p r i n c i p l e s , b u t i t t u r n e d out t o 
be j u s t as u n r e l i a b l e as t h e t h e s i s program; XCTROL i s b r i e f l y d e s c r i b e d i n [ 6 ] , 
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Another a t t e m p t was made i n 1972 by Goedings & K a l k e r . They s t a r t e d f r o m t h e 
f o l l o w i n g r e p r e s e n t a t i o n o f Coulomb's law: 

p_.w + g|w|= 0 sub |p_| < g; w: see (I t ) 

P r o o f : 

b! s If!; o z H id'.±)i/i*i* \z\-\4r\ - i s i <- a . w h i c h " f ° i i o w s 

t h a t |p_| = g and p_ = - g.w/[w| ; ~ 
a) and b) t o g e t h e r c o n s t i t u t e Coulomb's law. 
F i n a l l y we observe t h a t : 

g => p_.w + g|w| r > 0 

(29 ) 

QED 

(30) 

so t h a t we can minimize 

m i n i J K G
 d i f y r dxdy sub |j>| < g < 3 1> 

As i n ( 27 ) - ( .28) , t h e method does not d i s t i n g u i s h between areas o f s l i p and 
adhesion. , . . . . „ „. 
A program was generated [ 1 8 , 193 t o implement ( 3 1 ) . The d i s c r e t i z a t x o n o f f i g . 11 
was used. The t e r m w o c c u r i n g i n (30) proved v e r y d i f f i c u l t t o han d l e ; f i n a l l y , 
i t was r e p l a c e d by: 

If t l = /*H7^ - J ~ ^ ^ l , 8 + 0 (32) y 
The l i m i t i n g process i n d i c a t e s a s e q u e n t i a l method. The i n e q u a l i t i e s |pj < g were 
t a k e n i n t o account by a p e n a l t y f u n c t i o n method, w h i c h i s a l s o s e q u e n t i a l . 
The performance o f t h i s program i s d i s a p p o i n t i n g , as i t i s v e r y slow. By and 
l a r g e i t i s r e l i a b l e , b u t i n some cases t h e s e q u e n t i a l t e c h n i q u e f a i l s . 
The u n r e l i a b i l i t y o f t h e t h e s i s program, and t h e slowness and obvious 
i n e f f i c i e n c y o f t h e program based on (29) - ( 3 1 ) , induced K a l k e r i n 1977 t o con­
s t r u c t a new program w i t h o u t these d e f e c t s . The f i r s t r e s u l t was XCTROL, des­
c r i b e d above, which i s based i n ( 27 ) - ( 2 8 ) . XCTROL proved j u s t as u n r e l i a b l e as 
t h e program i t i n t e n d e d t o r e p l a c e , and t h e r e f o r e an e n t i r e l y new o p t i o n was 
e x e r c i s e d , v i z . t h e v a r i a t i o n a l p r i n c i p l e o f Duvaut & L i o n s . This p r i n c i p l e 
s o l v e s t h e f o l l o w i n g problem: , , 
Consider two bodies i n f r i c t i o n a l c o n t a c t over K ( t - x) a t t h e t i m e I t - J I , 
where t i s an i n s t a n t o f t i m e , and x a s m a l l , p o s i t i v e t i m e i n t e r v a l . The 
p a r t i c l e s , w h i c h were a t t h e s u r f a c e p o i n t ( x , y ) i n an u n s t r e s s e d s t a t e , have 
undergone a s m a l l e l a s t i c displacement u ( x , y , t ) and u ( x , y , t - T ) r e l a t i v e t o each 
o t h e r a t time s t and t - x. Moreover, t h e bodies as a whole have a r e l a t i v e _ 
v e l o c i t y 6 = s ( x , y , t ) , t h e r i g i d s l i p o f eq. ( 2 ) . Assuming t h a t u.U./.t-x) and | 
are known! i t _ i s r e q u i r e d t o f i n d t h e t a n g e n t i a l t r a c t i o n £ x , y , t w h i c h may n o t 
exceed t h e t r a c t i o n bound g, and t h e e l a s t i c displacement u ( x , y , t ) w h i c h i s 
connected w i t h p_. . . 
When t h e bo d i e s are h a l f - s p a c e s , t h e p r i n c i p l e o f Duvaut & L i o n s , w h i c h i s 
a c t u a l l y t h e p r i n c i p l e o f v i r t u a l work ( K a l k e r [ 2 1 ] ) , reads: 

min'. ƒƒ p_(x' ,y' , t ) { l u ( x ' ,y' , t ) - u ( x ' ,y' , t - x ) - s ( x ' ,y' , t ) x } d x ' d y ' 

sub b i < g = f Z ; u: see ( 8 ) ; x',y': see sec. 2 , f i g . 1 ( c o o r d i n a t e s 
a t t a c h e d t o t h e r a i l ) (33) 

The p r i n c i p l e i s used t o s i m u l a t e r o l l i n g i n t h e f o l l o w i n g manner._ 
s ( x y t ) = s ( x , y ) i s g i v e n t h r o u g h o u t , independent o f t i n a c o o r d i n a t e system 
w h i c h ' i s a t t a c h e d t o t h e c o n t a c t area, see sec. 2 , f i g . 1 . Set t - 0 . S t a r t w i t h 
an a r b i t r a r y p _(x,y , 0 ) , [p_| S g- F i n d u ( x , y , 0 ) f r o m ( 8 ) . 
Take a s t e p ( t = t + x ) . Determine p _ ( x , y , t ) f r o m ( 3 3 ) . T h i s d e t e r m i n a t i o n i eased 
bv t h e uniqueness o f t h e minimum o f ( 3 1 ) , and hampered by t h e n o n - l m e a r i t y o f 
t h e c o n s t r a i n t s \ R\ * g. I f £ ( x , y , t ) ^ p_(x y , t - x ) t h e steady state has n o t y e t 
been reached, and a new s t e p i s t a k e n . I f p _ ( x , y , t ) = £ ( x , y , t - x ) , a steady s t a t e 
has been reached. I n or d e r t o remove t h e e f f e c t o f t h e f i m t e n e s s o f x, t h e 
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process i s re p e a t e d once w i t h x = T / 2 , and t h e r e s u l t i n g t o t a l f o r c e s F are e x t r a ­
p o l a t e d t o T = 0 . 
I t i s seen t h a t t h i s , a g a i n , i s a s e q u e n t i a l program. I t has not proved p o s s i b l e 
t o devize a v i r t u a l work based v a r i a t i o n a l p r i n c i p l e which y i e l d s t h e steady s t a t e 
d i r e c t l y . 
The program DUV0R0L i s almost f u l l y r e l i a b l e . Only i n v e r y few cases i t g i v e s i n ­
a c c u r a t e r e s u l t s i n a s t a n d a r d d i s c r e t i z a t i o n . I t i s o n l y s l i g h t l y slower t h a n 
XCTROL. For f u t h e r d e t a i l s we r e f e r t o [ 6 , 7 , 8 ] . 

5 . THREE VERSIONS OF THE SIMPLIFIED THEORY 

The v e r s i o n s a r e : SIMROL, R0LC0N, and FASTSIM. 
SIMROL i s a program w r i t t e n o r i g i n a l l y by K a l k e r i n ALGOL-60, and subsequently 
t r a n s l a t e d i n t o FORTRAN-^ by Goree [ 2 2 ] . The ALGOL v e r s i o n takes 2.5 sec/case on 
an IBM 3 7 0 / 1 5 8 . A microprogrammed v e r s i o n by Demmelmeier [ 2 3 ] (100 ms/case) and 
an a n a l o g - h y b r i d v e r s i o n b y Bansagi l2kl (2 ms/case) a l s o e x i s t . 
R0LC0N was w r i t t e n by Knothe e.a. [ 2 5 ] i n 1978 i n FORTRAN-!*; i t i s r e p o r t e d t o be 
5 times as f a s t as SIMROL. 
F i n a l l y FASTSIM was w r i t t e n by K a l k e r i n 1980. I t i s a v e r y s i m p l e and e x t r e m e l y 
f a s t program: i t i s 25 t i m e s f a s t e r t h a n SIMROL. I t i s c u r r e n t l y b e i n g t e s t e d 
by Knothe o f t h e TU B e r l i n . 
S i m p l i f i e d t h e o r y i s v e r y p o p u l a r because o f t h e ease o f u n d e r s t a n d i n g i t and o f 
t h e s i m p l i c i t y and speed o f o p e r a t i o n o f t h e codes based on i t . The p r i n c i p l e o f 
s i m p l i f i e d t h e o r y was e x p l a i n e d i n sec. 2. The equa t i o n s d e t e r m i n i n g i t a r e : 

C o n s t i t u t i v e : u = Lp_, w i t h E = (~* ° ) ; |pj < g = f Z (3)4) 

0 Ly 

I n s t i c k zone: s l i p = w d = f V ( v x - <}>y, v + <J>x) - V |S = 0 (35 ) 

I n s l i p zone: w ^ 0, p_ = - gw/| w| ( 36 ) 
L x and Ly are determined so t h a t t h e creepage/spin c o e f f i c i e n t s n u m e r i c a l l y 
c o i n c i d e w i t h t h e C^j as c a l c u l a t e d by K a l k e r [ Ï ] ; see [ 2 ] , [ 7 ] . 
I n our s o l u t i o n , we s i m u l a t e t h e process o f r o l l i n g by f o l l o w i n g t h e p a r t i c l e s 
a l o n g t h e i r paths i n t h e d i r e c t i o n o f n e g a t i v e x. They e n t e r t h e c o n t a c t area a t 
t h e l e a d i n g edge, and we work backwards f r o m t h a t edge towards t h e i n t e r i o r a l o n g 
l i n e s o f c o n s t a n t l a t e r a l c o o r d i n a t e y. Eqns { 3 k ) - (35) may be s o l v e d e x p l i c i t l y . 

S t i c k zone: p_ = (X,Y) ; |p_| must be £ g. 
L x = v x - <(>y => L x X ( x , y ) = L x X ( x 0 , y ) + ( v x - <f>y)( x - x 0 ) 

% ü = v y + * x % Y ( x > y ) = L y Y ( x o , y ) + [Vy + s*(x + x 0 ) ] ( x - x 0 ) 
( X Q , y ) , ( x , y ) : p o s i t i o n s i n t h e same s t i c k zone, XQ È X ( 3 7 ) 

When t h e t r a c t i o n bound i s reached a t a c e r t a i n x, eq. ( 36 ) i s c a l l e d i n t o p l a y . 
I n SIMROL we s e t : 

X = g cos 8, Y = g s i n 8; (°°° 9) = - <=> w v cos 6 + w x s i n 6 = 0 s m u wy/ w / „ j u * (w: see ( o ) ) 
and we o b t a i n an o r d i n a r y d i f f e r e n t i a l e q u a t i o n i n 8. D u r i n g t h e c a l c u l a t i o n , we 
r e p e a t e d l y use t h e t r i g o n o m e t r i c f u n c t i o n s cos 8, s i n 6. 
I n R0LC0N, |p_| = g i s t a k e n i n t o account by s e t t i n g : 
XX' + YY' = gg', (' = 3/3x), 
and we use t h e o r d i n a r y d i f f e r e n t i a l e q u a t i o n (ODE): 
XWy + Yw x = 0 , w: see ( 8 ) . 
So we have two ODE's i n s t e a d o f one as i n SIMROL; b u t t r i g o n o m e t r i c f u n c t i o n s 
need n o t be t a k e n , w h i c h r e s u l t s i n R0LC0N b e i n g 5 t i m e s f a s t e r t h a n 
SIMROL. 
The f a s t e s t method i s FASTSIM. I n i t , i t i s assumed t h a t L x = Ly = L. C a l l 
A = V ( v x - 4>y, Vy + <)>x) ( t h e r i g i d s l i p ) , t h e n ( 3 5 ) becomes w = s_ - VLp_' . 
I n t e g r a t e t h i s f o r m x + x t o x , T > 0 , whereby w and s are t a k e n c o n s t a n t 
a p p r o x i m a t e l y : 
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WT = s i - VLp_(x + T ) + VLpJx). 

We s a t i s f y Coulomb's law i n t h e f o l l o w i n g way (p_ ( x + x) assumed known): 

C a l l JJJJ = - S T / ( V L ) + p_(x + T ) 
- I f I p j j l < g => p_(x) = £ H => | j j ( x ) | f g, i = 0 
- I f I p j j l > g = > p_(x) = p_H g / l p j j l => | j ) ( x ) I = g (38) 

WT = WT - VLp_(x + T ) + VLp_(x) = VL (1 - l E n l / g J p J x ) = - A p ( x ) , X > 0. 
from which we see t h a t t h e c o n s t r u c t i o n (38) s a t i s f i e s Coulomb's law. 
A c o r r e c t i o n may be made f o r t h e non-constancy o f w and s_ i n t h e i n t e r v a l ( X , X + T ) 
[ 2 9 ] . A p a r t f r o m b e i n g t h e s i m p l e s t code by f a r , FASTSIM i s 25 t i m e s f a s t e r t h a n 
SIMROL. 

6. CURVE FITTING THEORIES 

There have been a number o f attempts t o f i t n u m e r i c a l l y t h e d a t a on t h e creepage-
f o r c e law which are due t o experiments or t o n u m e r i c a l t h e o r i e s , such as DUVOROL 
and SIMROL. The o l d e s t o f these attempts i s due t o L e v i [ 2 6 ] ( 1 9 3 5 ) ; i t was 
m o d i f i e d l a t e r (1950-1952) by C h a r t e t [ 2 7 3 . d e f 

An u p - t o - d a t e v e r s i o n o f t h i s law reads ( v = I( vx» vy^ I 

N n V n N n N_ n V n N 
F x v x f 

+ abGC-| ^ v x F V y f abGCgg^y 

L e v i t a k e s t h e v a l u e 1 f o r n, and Ch a r t e t i n d i c a t e s t h e v a l u e 2 . 
The method i s c o n f i n e d t o t h e case o f pure creepage; t h e r o l e o f s p i n i n r a i l 
v e h i c l e s i m u l a t i o n s had n o t been e x p l i c i t e d i n 1952 and note t h a t i t i s o n l y t h e 
occurence o f s p i n w h i c h upsets t h e neat p i c t u r e o f eq_. ( 39 ) and o f sec. 3! 
W i t h o u t s p i n , t h e law ( 39 ) i s a c c u r a t e enough, and t h e o n l y t h i n g needed i s a 
t h e o r y o f t h e Cj_^, w h i c h was p r o v i d e d around 1962. 
A r e c e n t a t t e m p t t o use SIMROL and DUVOROL f o r curve f i t t i n g purposes i s due t o 
J a s c h i n s k i [ 2 8 ] , who w i l l t a l k o f i t h i m s e l f i n t h e p r e s e n t Meeting. Table 
books o f exact r o l l i n g c o n t a c t t h e o r y were c o n s t r u c t e d by K a l k e r [ 3 3 ] ("XCTROL") 
and by Rose o f B r i t i s h R a i l , Derby [ 3 2 ] by means o f DUVOROL. 

7 . CONCLUSIONS 

We t a b u l a t e t h e re v i e w e d t h e o r i e s . 

Table 2 . T h e o r i e s d e s c r i b e d i n sec. 3 

A u t h o r ( s ) and Ref. C h a r a c t e r i z a t i o n R e s t r i c t i o n s Notes 

2 . 1 C a r t e r - t y p e t h e o r i e s 
2 , 11 C a r t e r [ 9 ] - Fromm [ 1 0 ] Two-dimensional Long, creepage 1 , 2 ' 
2 . 12 Johnson & Vermeulen Th r e e - d i m e n s i o n a l , No s p i n 1 , 2 

[ 1 3 , 1U] approximate 
2. 13 Haines & O l l e r t o n [153 S t r i p t h e o r y Contact narrow i n 2 

H a i l i n g [ 3 1 3 , K a l k e r [ 1 1 ] r o l l i n g d i r e c t i o n 
2, 1U K a l k e r [ 1 6 , 2 ] E m p i r i c a l No s p i n 1 , 3 
2, .2 De P a t e r - K a l k e r [ I t , 73 L i n e a r t h e o r y Small creepage 1 , 2 

and s p i n 

Notes: 
1. Closed f o r m s o l u t i o n s , easy t o code. 
2 . Exact t h e o r y . 
3. S i m p l i f i e d t h e o r y . 

Table 3 . E x a c t , n u m e r i c a l t h e o r i e s (sec, k ) 
A l l t h e o r i e s o f t h i s t a b l e are u n r e s t r i c t e d . 
1 u n i t = 3-5 sec. on an IBM 370 /158 . 
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A u t h o r ( s ) , r e f e r e n c e ; name o f program R e l i a b i l i t y Speed 
3 .1 K a l k e r I k , 6 1 ; XCTROL 
3.2 K a l k e r & Goedings [ 1 8 ] , Goree [ 1 9 ] , 

"New n u m e r i c a l t h e o r y " 
3.3 K a l k e r [ 6 , 7 , 8 ] ; DUVOROL 

60% 
&5% 

1 u n i t 
30 u n i t s 

1•5 u n i t s 

Table k . S i m p l i f i e d t h e o r y based programs (sec. 5 ) 

Speeds w i l l be expressed i n r e a l t i m e , or i n mu 
A l l programs are u n r e s t r i c t e d . 

0.001 u n i t , see t a b l e 3 . 

A u t h o r ( s ) , r e f e r e n c e ; name o f program R e l i a b i l i t y Computer Speed 
Based on K a l k e r ' s urogram SIMROL [ 2 ] 95% 
K a l k e r , Goree [ 2 , 2 2 ] 95% D i g i t a l 700 mu 
Demmermeier [ 2 3 ] 95% M i c r o p r o g . 100 ms 
Bansagi l2hl 95% Analog 2 ms 
Knothe e.a. [ 2 5 ] i R0LC0N 100% D i g i t a l 11+0 mu 
K a l k e r [ 2 9 ] ; FASTSIM 100$ D i g i t a l 28 mu 

U.I 
It.11 
I t . 12 

13 
It.2 
k.3 

k , I n t e r p o l a t i o n programs 
L e v i [ 2 8 ] , C h a r t e t [ 2 7 ] : Simple f o r m u l a e , b u t no s p i n . 
J a s c h i n s k i : [ 2 8 ] . 
Kalker [ 3 3 ] and Rose [ 3 2 ] c o n s t r u c t e d Table books o f exact r o l l i n g c o n t a c t 
t h e o r y . 
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